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Some Aspects of Chemical Kinetics in Chapman–Jouguet
Detonation: Induction Length Analysis
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The in� uence of complex chemical kinetics on the induction length in Chapman–Jouguetdetonationwas studied,
with emphases on hydrogen chemistry and applications in pulse detonation engines (PDEs). Problems studied
include the role of branching–termination reactions on the overall reaction rate, the reduction of the detailed
hydrogen oxidation mechanism to simpler ones without compromising comprehensiveness of description, the
coupled in� uence of chemical reactivity and the upstream speed of sound on ignition, and the use of hydrogen as
a potential ignition enhancer. Results show that the presence of the pressure-sensitive and temperature-insensitive
three-body termination reactions can signi� cantly prolong the ignition delay, that an operation map for PDE
operation can be constructed based on the crossover temperature so that operation regimes with excessively long
ignition delays can be avoided, and that while the extent of chemistry reduction for the hydrogen/air PDE system
depends on the degree of parametric comprehensiveness required, a two-step reduced mechanism appears to be
adequatefor near-stoichiometric descriptions. Furthermore, it is demonstrated that the bene� t of the fast hydrogen
chemistry is moderated by hydrogen’s high speed of sound,which reduces the detonationMachnumberandthereby
the postshock temperature.

Introduction

S TUDIES of the Chapman–Jouguetdetonationcan be conducted
at several levels of detail. At the simplest level of adiabatic

propagation and downstream chemical equilibrium, the detonation
velocity can be readily determined without knowledge of chemical
kinetics. The predicted velocity also agrees well with experimental
observations for propagation in off-limit situations.1

Finite rate kinetics and the associated kinetic mechanisms are
needed, however, in the study of two aspects of detonation phe-
nomena.The � rst is concernedwith near-limitpropagationsleading
to quenching of the detonation wave. The quenching agent can be
volumetric heat loss, frictional and heat loss at the wall of the det-
onation tube, or wave curvature. Combustion is nonadiabatic and
complete reactant consumption is not achieved at the sonic state.
The second aspect concerns determining the induction length for
adiabatic propagation and using it to estimate such global detona-
tion parameters as the cell size of steady propagation and the wave
curvature at quenching.2

The simplest description of chemistry is that of a one-step ir-
reversible reaction. Theories and detailed computations have been
conducted on various aspects of detonation based on this assump-
tion, and useful insights have been gained. At the same time, how-
ever, it is also recognizedthat such a simpli� cation inherentlycannot
quantitativelydescribemany detonationresponsesof interest, espe-
cially in view of the sensitive Arrhenius nature of the reaction rate
to temperature variations. Furthermore, ad hoc correlations of the
experimental results with adjustable kinetic parameters such as the
overall activation energy and reaction order are applicable only in
limited ranges of the system and thermodynamic parameters.

What is more seriousin theuse of one-stepchemistryis that it pre-
cludes the in� uence of chain-branching–termination mechanisms
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that are invariably multistep in nature. A prominent example is
the three explosion limits of the hydrogen/oxygen system, which
shows that for a homogeneous mixture at a � xed temperature, in-
creasing the system pressure from a low value of nonexplosioncan
render it to be explosive, nonexplosive, and explosive again. An-
other example is the recent observation that ignition can be largely
achieved via radical proliferation instead of thermal feedback.3;4

Such a phenomenonagaincannotbe describedby a one-stepoverall
reaction.

The primary objective of the present study is to demonstrate the
intrinsic importance of chemistry, mostly beyond the one-step ap-
proximation, through an induction length analysis of the CJ wave.
Speci� cally, we shall study three problems that demonstrate the
effects of various aspects of chemistry on the induction length.
The � rst is an investigation of the in� uence of the nonmonotonic
explosion limits of the hydrogen/oxygen system on the induction
length. The analysis identi� es speci� c relations between the transi-
tionboundariesand the inductionlengthand yieldsanoperationmap
that indicates the transitionboundariesin the initial-temperatureT1,
initial-pressure p1, and fuel equivalenceratio Á space, across which
drastic changes in the induction length are expected. The second
problem explores the extent to which the detailed hydrogen/oxygen
mechanism can be reduced and still maintain reasonable predictive
capability. The third compares the induction length of hydrogen
with those of hydrocarbon fuels, namely ethylene and heptane, and
investigates the potential of using small amounts of hydrogen as an
ignitionenhancer.The competingeffects of chemistryand the speed
of sound of the gaseous medium are identi� ed.

Model of Numerical Simulation
Calculation of the induction length involves � rst determining the

CJ velocity for the given T1 , p1 , and Á. The numerical method
adopted to solve the CJ detonationvelocity is well established,and
STANJAN5 was used to calculate the CJ detonation velocity in the
present study.

Once the detonation velocity is obtained, the postshock temper-
ature T2, pressure p2 , density ½2, and velocity u2 can be calculated
with the normal shock relations in the shock coordinate together
with the ideal gas relation:

½1u1 D ½2u2 (1)

p1 C ½1u
2
1 D p2 C ½2u

2
2 (2)
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h1 C 1
2
u2

1 D h2 C 1
2
u2

2 (3)

p D ½RT (4)

where h is the speci� c enthalpy, and the subscripts 1 and 2 respec-
tively indicate the state ahead of and immediatelybehind the shock.

Using the solution at state 2 as the initial condition, the struc-
tural evolution of the postshock homogeneous mixture undergoing
chemical reaction can be traced through numerical integration of
Eqs. (5–8), as follows:

Continuity:

d
dx

.½u/ D 0 (5)

Species conservation:

d

dx
.½uYk / D wk Wk ; k D 1; 2; : : : ; K (6)

Momentum conservation:

d

dx
.p C ½u2/ D 0 (7)

Energy Conservation:

d

dx

µ
½u

³
h C

u2

2

´¶
D 0 (8)

where x is the spatial coordinate with the origin at the shock, the
subscript k designates the kth species, Y is the mass fraction, K is
the total number of species, w is the molar production rate, and W
is the molecular weight.

Once the structure of the detonation wave is calculated, the in-
duction length can be obtained as the location of the maximum
temperature gradient. For quantitative relevance,we shall adopt the
operating parametric ranges of the pulse detonation engine (PDE)
and pulse detonation rocket engine in our demonstration. Calcula-
tions were thereforeperformed for an initial temperaturerange from
298 to 500 K, initial pressure range from 0.1 to 5 atm, and equiv-
alence ratio range from 0.5 to 1.5. The relative error tolerance for
the numerical integration was set to be 10¡6 .

The calculation employed detailed oxidation reaction mecha-
nisms for hydrogen,6 ethylene,7¡9 and heptane.10;11 Discussion on
their validation and comprehensivenesscan be found in the respec-
tive references.Air is the oxidizer for all the fuels studied.

Second-Limit Effects
It is well established that there are three explosion limits for hy-

drogen/air mixture, known as the Z curve on a pressure vs temper-
ature plot.3 Below the � rst explosion limit, the pressure is very low,
and the chain-branchingeffect can be suppressedby the loss to sur-
faces, which is strongly system dependent. The explosive regime
above the � rst explosion limit is controlled by the branching and
propagatingreactionsinvolvingthegenerationofH, O, andOH radi-
cals.The controllingchain-branchingreactionis H C O2 ! O C OH
(R1). The rate of chain branching, however, is moderated by the
chain“termination” reactionH C O2 C M ! HO2 C M (R9) as pres-
sure furtherincreases,becausetheHO2 radicalproducedis relatively
stable at low temperature, where M is a third body. With increas-
ing pressure, the collision frequency and, hence, rate of the three-
body termination reaction R9 greatly increases relative to that of
the two-body branching reaction R1. Consequently, in the second
limit, reaction R9 becomes suf� ciently competitive, and radical ex-
plosion is suppressedbecause the chain-terminationeffect balances
the chain-branching effect. It can then be shown that the second
limit is given by the relation 2k1 D k9[M], which uniquely relates
the system pressure and temperature and yields the crossover tem-
perature.Finally,with further increasein pressure,the concentration
of the relatively inactive HO2 radical becomes high. Their subse-
quent reactions with either themselves or H2 will eventually lead to
the formation of H and OH radicals and, consequently, explosion
beyond the third explosion limit.

Fig. 1 Dependence of the induction length of hydrogen/air mixtures
on initial pressure p1 and equivalence ratio Á; open circles represent
the crossover state.

The preceding discussion then implies that the presence of the
pressure-sensitivebut temperature-insensitivethird-order termina-
tion reaction could substantially reduce the overall reaction rate as
pressure increases. In particular, for a suf� ciently weak mixture
with a correspondingly low postshock temperature and weakened
temperature-sensitivebranching reaction R1, the termination reac-
tion R9 is expected to exert a stronger in� uence. Indeed, it was
found12 that the induction length could actually increase with in-
creasing pressure, and the minimum induction length was found12

to correspond to the state of the crossover temperature given by
Eq. (9). To further examine the aforementionedeffect, Fig. 1 shows
the calculatedinduction length for H2/air mixturesof various equiv-
alence ratios and initial pressures p1 , at a � xed initial temper-
ature T1 of 298 K. It is seen that the induction length initially
decreases and then increases with increasing p1 and, hence, in-
creasing postshock pressure p2 , in accordance with the result of
Ref. 12. However, the present result also shows that, contrary to the
suggestion of Ref. 12, the states of the crossover temperature do
not correspond to those of the minimum induction length. Rather,
they are basically located at the in� ection points of these curves,
as shown by the symbols in Fig. 1. This result is reasonable be-
cause the state of the crossover temperature is that of transition
of chemical reactivity from one dominated by chain branching to
one dominated by chain termination. A transition of this nature
is expected to exhibit an in� ection-point behavior in system re-
sponses.

Figure 1 further demonstrates the sensitivity of ignition to the
ambient pressure for weak, suf� ciently off-stoichiometricmixtures
in that a small increase in pressure can shift the system from a state
of maximum reactivity,indicatedby the minimum induction length,
to one that is susceptible to the in� uence of chain-terminationreac-
tions, indicated by the in� ection point. This sensitivity diminishes
as the mixture becomes more stoichiometric.

Due to the signi� cant increase in induction length above the
crossoverpoint, it is prudent that operationof the PDE should avoid
such a situation in which the postshock temperature (T2/ and pres-
sure (p2/ would fall abovethe relationfor the crossovertemperature,
as originally noted by Shepherd.13 Thus, if we solve the crossover
temperature relation together with the shock jump relations (1–4),
we can determine the operation boundary between slow and fast
branchings as a function of the initial equivalence ratio Á, in the
system parameter (p1 , T1) space.

Such a generalized,chemistry-affectedoperationmap is shown in
Fig. 2. For a givenÁ, operationwith initialstatesclose to or abovethe
transition boundaries between the slow and fast branchings should
therefore be avoided.
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Fig. 2 Hydrogen/air PDE operationmap showingboundariesbetween
slow- and fast-branchingregimes for given operating parameters T1 , p1,
and Á.

Reduced Reaction Mechanisms
In obtaining the aforementioned results, the hydrogen oxidation

mechanism used was the detailed one.6 Although the use of such
a detailed mechanism ensures comprehensiveness in the descrip-
tion of all possible outcomes under all possible system operating
conditions, the computational requirement can be rather demand-
ing, especiallyfor complex � ows suchas those involvingthecellular
detonationwave structure.Thus, there is the incentiveto simplify the
detailed mechanism through rational approximation without com-
promising the comprehensivenessof the detailed mechanism.

The particular features of a complex chemical reaction mecha-
nism that lend themselves for approximation are the disparate time
scales associated with various groups of reactions. As such, for a
given phenomenon or during a particular phase in the progress of
the overall reaction, either some individualreactionscan be approx-
imated to be in equilibrium, or the concentrations of some species
can be approximated to be in quasi-steady state (QSS). These as-
sumptions would reduce the number of species that needs to be
solved through differential equations.

A useful algorithm for the systematic reduction of a detailed
mechanism using the QSS assumption can be found in Ref. 14.
However, due to the very small number of participating species
(H2, O2 , H2O, H, O, OH, HO2, H2O2) in the hydrogen oxidation
mechanism, the reduction can be conducted by simply comparing
the performanceof different reduced mechanisms, each of which is
obtained by assuming only one species to be in QSS. Speci� cally,
because the system consists of eight participating species and two
elements, the complete reaction mechanism can be represented by
six semiglobal reactions. Thus, by assuming that one of the species
is in QSS, the resultingreducedmechanismwill consistof � ve steps.
Figures3 and 4 demonstratethe inductionlengthcalculatedby using
different � ve-step mechanisms, with equivalence ratios of 0.5 and
1, respectively, under the initial pressure of 1 atm and initial tem-
perature of 298 K. Figure 1 shows that the operating condition for
Á D 0:5 and p D 1 atm is close to the crossovertemperature,whereas
that for Á D 1 is well below it. It is seen that, for Á D 1, all radicals
except H appear to be in near QSS for all situations. However, for
Á D 0:5, HO2 and H2O2 cease to be QSS species for pressures close
to or above that of the crossover state such that only the OH and O
radicals can be consideredto be in QSS. This breakdownof QSS as-
sumption is expected considering the importance of HO2 and H2O2

in establishingthe secondand third explosionlimits.As such, if a re-
ducedmechanismis to be developedfor the entire parametricrange,
only OH and O can be selectedas QSS candidates.This selection is
differentfrom that in Refs. 15 and 16, in which HO2 and H2O2 were
considered to be the best QSS candidates. This does not contradict

Fig. 3 Comparison of the calculated induction length by using the de-
tailedmechanismvs various� ve-step mechanismsobtainedby assuming
one of the � ve radicals (H, O, OH, HO2 , H2O2) is in QSS for Á = 0.5.

Fig. 4 Comparison of the calculated induction length by using the de-
tailedmechanismvs various� ve-step mechanismsobtainedby assuming
one of the � ve radicals (H, O, OH, HO2 , H2O2) is in QSS for Á = 1.

the present result because the relevant pressures in Refs. 15 and 16
are substantially lower than the present values.

Based on the preceding observations, a four-step reduced mech-
anism with OH and O as QSS species was generatedfor application
over the entire parametric range including the regime around the
second limit, and a two-step reduced mechanism was generated for
applicationin conditionswell below the crossoverstates.The global
reactionsand the correspondingreaction rates for these two reduced
mechanisms are given in the Appendix.

The induction length as a function of p1 has been calculated
for the two reduced mechanisms. Figure 5 shows that the four-step
mechanismis acceptablethroughoutthe entire initial pressurerange
for Á D 0:5, whereas the two-step reduced mechanism gives large
errors at moderate and high initial pressures, as expected. Figure 6,
corresponding to Á D 1:0, shows that the performance of the two-
step reduced mechanism is acceptable for all initial pressures.

Hydrogen, Ethylene, and Heptane as Fuels
There are both practical and fundamentalmotivations in compar-

ing the ignition characteristics of hydrogen, ethylene, and heptane.
Practically, hydrogen has been the fuel of choice for high-speed
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Fig. 5 Comparison of calculated induction length by using detailed
mechanism vs two- and four-step reduced mechanisms for Á = 0.5.

Fig. 6 Comparison of calculated induction length by using detailed
mechanism vs two- and four-step reduced mechanisms for Á = 1.

propulsion,whereas heptane is a representative liquid hydrocarbon
fuel. Ethylene is a crucial reaction intermediate of higher hydro-
carbons and has been used as a surrogate fuel in the simulation
of their combustion characteristics. Fundamentally, these three fu-
els have distinctively different chemical and physical properties.
Chemically, they have vastly different reactivities, with hydrogen
being the most reactive and heptane the least. Physically, they have
very differentmolecular weights and structures,which in particular
would affect the speed of sound and, thereby, the detonation Mach
number and the postshock temperature and pressure.

Figure7 comparesthe inductionlengthsofCJ detonationwavesof
the threefuelsas a functionofÁ, for � xed T1 D 298K and p1 D 1 atm,
using different reaction mechanisms. It is seen that, apart from the
ethylene results obtained by using the reaction mechanism of Ref.
8, ethylene and heptane have comparable induction lengths that are
signi� cantly longer than that of hydrogen.Furthermore,all the fuels
exhibit minimum values for Á slightlyon the rich side of stoichiom-
etry. These trends are anticipated on the basis of chemistry and
indeed resemble those of the burning velocities of laminar � ames.
The dramatically shorter induction length of hydrogen than that of
ethylene and heptane is due to hydrogen’s higher heat content and
faster chemistry.

Figures8, 9, and10 respectivelyshowvariationsof the detonation
velocity, upstream speed of sound, and detonation Mach number

Fig. 7 Dependence of induction length on equivalence ratio for hydro-
gen, ethylene, and heptane mixtures with air, calculated with different
detailed mechanisms.

Fig. 8 Dependence of the CJ detonation velocity on equivalence ratio
for hydrogen, ethylene, and heptane mixtures with air.

Fig. 9 Dependence of the upstream speed of soundonequivalenceratio
for hydrogen, ethylene, and heptane mixtures with air.
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Fig. 10 Dependence of CJ detonation Mach number on equivalence
ratio for hydrogen, ethylene, and heptane mixtures with air.

with Á for the three fuels. It is seen that the detonation velocity
increases in the order of hydrogen, ethylene, and heptane, hence
demonstrating the dominating in� uence of heat content. However,
their respective speed of sound not only varies in the opposite man-
ner, but also does not exhibit the same trend with Á in that, with
increasingÁ, the speed of sound of hydrogen increases, that of hep-
tane decreases,and that of ethylene is minimally affected.These are
primarily effects of molecular weight in that hydrogen is the light-
est and heptane the heaviest. Furthermore, because hydrogen and
heptane are lighter and heavier than air, respectively, their positive
and negative in� uences on the mixture’s speed of sound increase
with increasing fuel concentration and, hence, Á. The fact that the
speed of sound of ethylene is rather insensitive to Á is because its
molecular weight is close to that of air.

Combining the results of Figs. 8 and 9, Fig. 10 shows that the
upstream Mach numbers of the three fuels vary opposite to their
respective detonation velocities in that, because of the speed of
sound effect, the hydrogen detonationwave has the lowest strength,
whereas that of heptanehas the highest.Consequently,the hydrogen
mixture has a chemically weaker postshockenvironment to achieve
ignition than the ethylene and heptane mixtures. Thus, even though
hydrogen is signi� cantly more chemically reactive than heptane
and ethylene, its ef� ciency in initiating reaction in the postshock
environment is moderated by its smaller detonation Mach number.

Hydrogen as Additive to Hydrocarbons
Becauseof the strongreactivityof hydrogen,it hasbeensuggested

for use as an additive to reduce the induction length of hydrocarbon
fuels. However, in light of the negative effect of the speed of sound
on the postshock thermodynamics environment, it is not clear if
the bene� t of enhanced reactivity can be readily realized for all
conditions.

Figure 11 shows the inductionlengthsof mixturesof ethyleneand
hydrogenat T1 D 298 K, p1 D 1 atm, and under overall stoichiomet-
ric condition, using the ethylene oxidation mechanisms of Refs. 7
and 9. The comparison is conductedby replacinga fraction of ethy-
lene with a stoichiometrically equivalent amount of hydrogen; that
is, 1 mol of ethylene is replaced with 6 mol of hydrogen, and as
such the overall equivalenceratio remains unchanged.It is seen that
whereas the different mechanisms yield noticeable differences in
the induction length, the overall trend of adding hydrogen to ethy-
lene is the same. Speci� cally, while addition of a small amount of
hydrogen to ethylene can signi� cantly shorten the induction length,
this effect becomes weaker with further addition. These results are
reasonable in that, with small amount added, the negative effect of
speed of sound is minor such that the chemistry effect dominates,

Fig. 11 Induction length for ethylene/air mixtures with varying
amounts of added hydrogen.

Fig. 12 Induction length for heptane/air mixtures with varying
amounts of added hydrogen.

causing the observed large sensitivity in the reduction of the in-
duction length. However, with a larger amount of added hydrogen,
the strong kinetic effect is moderated by the reduced Mach number
and, hence, the weakenedpostshockenvironment,leading to a more
gradual reduction in the induction length.

When the hydrocarbonfuel is heptane, the displacementof 1 mol
of heptane requires 22 mol of hydrogen to maintain stoichiometry.
Due to the largeamount of hydrogenused, the speed-of-soundeffect
becomes prominent even for a small amount of heptane replaced.
This substantiallymoderates the sensitivity of the induction length
throughoutthe range of hydrogenreplacement,as shown in Fig. 12,
where we used the heptane mechanisms of Refs. 10 and 11 in the
calculation. The substantial difference between the calculated re-
sults obtained by using different reaction mechanisms, both here
and in Fig. 7, demonstrates the importance of chemistry and the un-
satisfactory state of knowledge in the reaction mechanisms of such
important fuels as ethylene and heptane.

To further demonstrate the competing effects of chemical kinet-
ics and speed of sound, Figs. 13 and 14, respectively, show the
induction length and postshock temperature of heptane and hydro-
gen mixtures for different � xed incident shock velocities, using the
mechanism of Ref. 10. It is seen that for a � xed incident shock
velocity D, the addition of a small amount of hydrogen indeed
reduces the induction length due to the fast chemistry under high
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Fig. 13 Induction length for heptane/air mixtures with varying
amounts of added hydrogen for � xed incident shock velocities.

Fig. 14 Postshock temperature for heptane/air mixtures with varying
amounts of added hydrogen for � xed incident shock velocities.

postshocktemperatures.Furthermore,with increasinghydrogenad-
dition, there exists a minimum induction length beyond which the
speed-of-soundeffect becomes important, causing it to increase. It
is also seen that, as the incidentshockvelocity increases,the state of
the minimum induction length shifts toward the hydrogenside.This
is reasonable because increasing incident shock velocity results in
higher postshock temperature,which enhances the chemistry effect
and thereby delays the onset of the in� uence of the speed-of-sound
effect.

Conclusions
In the present study we investigatedseveral chemistry-relatedis-

suespertainingto the structureand propagationof detonationwaves,
with emphasison hydrogenoxidation.Whereas the vehicle of study
is the induction length of the CJ wave, and the numerical calcu-
lations were conducted for system parameters of interest to PDE
applications,the conceptsand order-of-magnitudeeffects identi� ed
are expected to be of general utility.

Speci� cally, con� rming previous studies,we again demonstrated
for hydrogenoxidation the important role of branching–termination
chain mechanisms in the overall reaction rate and showed that in-
creasing pressure can signi� cantly moderate its progress. The con-
cept of crossovertemperature,which was shown to have an in� exion
point in� uence on the induction length to pressure variations, was
applied to derive an operation boundary in terms of p1 , T1, and Á.
This boundary providesguidance in avoiding operation regimes for
which the induction length could become excessively long.

The potential reductionof the detailedhydrogen/oxygen reaction
mechanism to simpler schemes suitable for integration into large-
scale computationswas also investigated.Results demonstrate that,
whereas a four-step reducedmechanismis needed for a comprehen-
sive coverage of the potential range of PDE operations, a two-step
mechanism is adequate for near-stoichiometricsituations.

By comparing the induction lengths of hydrogen with those of
ethylene and heptane, which are representative hydrocarbon fuels,
the speed-of-soundeffect on the intensity of postshock reactivity is
identi� ed, showing that the high reactivityof hydrogenis moderated
by the reduced Mach number and, hence, postshock temperature.
Consequently, it is suggested that the bene� t of using hydrogen as
an ignition enhancer is most effective for small amounts of addition
so that the speed-of-soundeffect is still not signi� cant.

Appendix: Reduced Mechanisms
Four-step Reduced Mechanism

QSS species are OH and O. Non-QSS species are H2 , O2 , H2O,
H, HO2, and H2O2.

Global reactions are as follows:

I : H2 C O2 D H C HO2

II : H2 C HO2 D H C H2O2

III : O2 C H D HO2

IV : 2H2O2 D O2 C 2H2O

Global reaction rates are as follows:

wI D w2 C w4 C w5 ¡ w8 ¡ w10 ¡ w13 ¡ w14 C w15 C w18

wII D w3 ¡ w4 C w8 C w13 C w14 ¡ w15 ¡ w17 ¡ w18

wIII D ¡w2 C w3 ¡ 2w4 ¡ w5 C 2w8 C w9 ¡ w11

¡ w12 C w13 ¡ 2w15 ¡ w18 C w19

wIV D .w3 ¡ w4 C w8 C w13 C w16 C w19/=2

Two-Step Reduced Mechanism
QSS species are OH, O, H2O2, and HO2 . Non-QSS species are

H2 , O2 , H2O, and H.
Global reactions are as follows:

I : H2 D 2H

II : 2H2 C O2 D 2H2O

Global reaction rates are as follows:

wI D w2 C w4 C w5 ¡ w8 ¡ w9 C w11 C w12 C 2w14

¡ w16 ¡ 2w17 ¡ w18 ¡ 2w19

wII D .w3 ¡ w4 C w8 C w13 C w16 C w19/=2
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